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Entropy and Negative Entropy
Kyoto Enekan Hideo Shingu
(I) Introduction
The entropy of mixing which is expressed as
Smix=-(xlog(x) + (1-x)log(1-x)) - - - (1)
where x (0<x<1) is the fractional density of materials. The standard state x = 1 means one unit
amount of material contained in unit space (hence 1/x corresponds to the volume of materials).
In thermodynamics the equation (1) which takes only positive values according to the 2™ law, which
means the entropy always increase by mixing two different state of materials.
Purely mathematically, however, the existence of negative of mixing entropy
Sper= xlog(x) + (1-x)log(1-x) + - - (2)
which takes always negative values is as natural as equation (1).
Present article examines the physical meaning of eq.(2) to conclude that the so called 2nd law of

thermodynamics (the increase of entropy) is valid only under a limited condition.

(I1)  The reason why the 2nd law of thermodynamics is not a general law.

(a) Entropy of mixing

T
| entropy of mixing In one atmospheric pressure one mole of

1 molecule takes 22,400ml of space at room

temperature. It may be natural for everyone

to set this volume of molecule as the

standard state, which means this state
“— X —

corresponds tox =1 in eq.(l). x = 1 means

| 5 1 2 oo ]
0 0-5 the standard volume of molecules Vy = 1/x

—1/x— = 1. Then at the state of x = 0.5 the volume
becomes V= 1/0.5 = 2.

When one mole of vapor at standard state

is mixed with the vapor of different kind of

entropy of partition molecules which is also in standard state

(which is the same as the mixing with the

Figure (1). The graphical presentation of entropy same volume of vacuum space according to

increase due to mixing and entropy decrease due to R e
8 Py the Dalton’s rule) the entropy of the initial

partitioning. Given by the equations (1) and (2).

vapor changes according to the ratio x of

existence of one mole of molecules expressed in eq.(1). The eq.(1) can be expressed as,

Suic= - (xlog(x) + (1-9log(1-9) = x [Dwd () + 10 [FHa - wa (L) - - -y
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In short eq.(1)’ shows the entropy change process due to the mixing of one unit of standard state

vapor with one unit of vacuum. The maximum of S.i means the entropy value when one mole of
standard state vapor is mixed evenly in the 2 volumes of vacuum space resulting in the entropy
“increase” of 1 when the base of logarithm is 2. Usually entropy increase is easy to image because it
is the process of mixing of standard state of vapor with one or more units of vacuum space.

The process of mixing entropy change is shown as the right hand side blue colored curve of Fig.(1).

(b) Entropy of partitioning.

In this section the entropy change due to the contact of standard state vapor with the infinitely dense
state of one unit of molecules which is termed in this article as the “densum” state in order to contrast
it with the “vacuum” state.

Densum state may be visualized by the image that one unit of molecules existing in zero space. It
can be understood that one unit of densum when mixed with one unit of vacuum produces one unit
of standard state of vapor.

The process of change of entropy when one standard state vapor of kind1 is in contact with one unit
of kind2 in densum state can be mathematically expressed by the eq.(2) when x in the equation is
understood as the ratio of partition of unit amount of volume of space between kind1 side and the
kind2 side. It should be noted in this case that x means the fractional volume which belongs to one
unit of molecules. x = 1 means that total volume of space belongs to the kind1 side while x = 0 means
that total volume of space belongs to the kind2 (initially densum) side.

Since the estimation of entropy in this case corresponds to the process of partitioning of one unit of
volume between two different kinds of molecules, the calculated result may be called the entropy of
partitioning.

Mathematically, the eq.(2) can be expressed as,
Spar= xlog(x) + (1-x)log(1-x)
=x [(1/0)d@) + 10 [[7Q/A-x)dA-x) - - @)

The process of partitioning entropy change is shown as the left hand side red curve of Fig.(1). The
minimum of S,.. means the entropy value when one mole of standard state vapor of kind1 molecules
and kind2 molecules are partitioned evenly in the 0.5 volumes of vacuum space resulting in the

entropy “decrease” of -1 when the base of logarithm is 2.

(c) Change of standard state
In conventional thermodynamics, it is said by any change of state results in the increase of entropy.
By looking at Fig.(1) one may understand that in the case of partitioning, entropy can decrease quite

naturally just as the inverse process of entropy increase in the case of mixing. The reason for such
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conventional view may exists by the reason that since the entropy always increases when things in
the standard state is mixed with the vacuum. Hence when one chooses standard state as an arbitrarily
“dense” finite state, the mixing of such state with one unit or more of vacuum space always produces
the increase of entropy. However, it must be understood that the infinitely dense state which means
one mole of molecule in zero space cannot be set as the standard state. If it is the case the term
partitioning become meaningless. The situation is the same with the case of mixing. When the
standard state is chosen as the infinitely dilute state, namely the existence of one mole of molecules

in infinite large vacuum space, the discussion of mixing process become meaningless.

(II1) Physical image of mixing and partitioning of standard state.
(a) Explanation by illustration.

D) e - B

(a) (b) ) (a) (d (e)

(A) mixing of standard state with vacuum (B) partitioning of standard state by densum

Figure (2). Model images of change of standard state due to the mixing with vacuum or due to
the partitioning by densum.
Black mark @represents one mole of molecules of kind1.
Red mark @ represents one mole of molecules of kind2.
(a) standard state (one mole of molecules of kind1, in one unit of vacuum space).
(b) one unit of vacuum space for molecules of kind1 (contains one mole of molecules of kind2).
(c) equally mixed state (one mole of molecules each of two kinds in two units of vacuum space).

(d) one unit of densum (one mole of molecules of kind2 in zero unit of space).

(e) one mole of molecules of kind1 and kind2 each contained in 1/2 unit of standard volume.

Fig. (2)-(A) shows the images of the physical situation in eq.(1) when 1/x = 2. The graphical image
of which correspond to the peak of the blue curve in fig.(1).

Fig.(2)-(B) shows the images of physical situation in eq.(2) when x = 1/2. The graphical image of
which correspond to the minimum of red curve in fig.(1).

The crux of the entropy estimation by the equations (1) is to understand that for the molecules of
kind1 the existence of kind2 molecules can be regarded equal to vacuum. The kind2 molecules only

provides to the kind1 molecules the vacuum space into which it can expand (fig.(2)-(A)).
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The kind2 molecules when it exist as densum state, on the contrary, acts only to deprive from kind1

molecules off the existence space by expanding itself to the equal volume as the kind1 molecules

(fig.(2)-(B)).

(b) An example of experimental simulation of partitioning.

The model of decrease of entropy shown in fig.(2) can be experimented by putting one mole of

solid CO. (dry ice) which has the volume of only 28ml (near densum state) into one mole of

standard state N; (nitrogen molecule) gas (22,400ml at room temperature) wrapped in an airtight

expansible bag. The dry ice will eventually be warmed up to the room temperature gas of volume

11,200ml by devouring the volume of N, gas until it shrinks to the same volume (half the initial

state), causing the entropy decrease of N, from 0 to -1 as in accordance with the x = 0.5 of eq.(2).

(IV)  Generalization of entropy of mixing and partitioning

So far, in order to understand the negative values of entropy, the mixing and partitioning of one

unit of standard state of molecules with also one unit of either the vacuum or densum state of

different kind of molecules.

In this section further consideration of the existence of both positive and negative entropy values

will be given by showing the extended graph of fig.(1) which is the case of, mixing or partitioning

of one unit of standard state molecules of kind1l with n units of either the standard state or the

densum state of kind2 molecules. Equations (1) and (2) with increased n values are as follows,
Smix=xlog(1/x) + (1-x)log(n/(1-x)) * - -
Spar= xlog(x) + (1-x)log((1-x)/n) - -+ -

(3)

)

densum
n=0.05

n=0.2

n=0.5

n=1

n=2

n=5

finitum

entropy
12

entropy
1]

02 04 06 08 10 08 06 04 02

v

1/V

vacuum
{

: n=20

0

n=5

Figure (3) Series of curves of mixing or
partitioning of standard state with n units of
either vacuum or densum given by the egs.
(3) and (4).

n=0.2

n=0.05
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Fig.(3) is the results of plotting of egs.(3)
and (4) using the natural logarithmic scale.

The right hand half of the plot shows
change of the mixing entropy due to the
mixing of standard state with the increased
number n of vacuum units. The left hand half

of the plot shows change of the partitioning




entropy due to the partitioning of standard state with the increased number n of densum units.

The red line which is the trace of the peak positions of increased or decreased values of entropy
shows simply the value of partial molar entropy or the self-entropy(surprisal) in information theory,
which are nothing but the indefinite integral of 1/x : log(x).

The red arrows indicate the direction of increase or decrease of entropy due to the increasing

number of vacuum or densum units n which appears in the eqs.(3) and (4).

(V)  Discussion
(a) The logarithmic expression of entropy.

The concise and mathematical presentation of entropy increase and decrease in chapter (I) is based
on the fact that entropy is expressible by logarithmic function.

Appearance of logarithms is common in various cases where the utility of the magnitude of some

quantity N becomes a problem.

(a-1) In this connection the first mathematically detailed discussion was done by Daniel Bernoulli
(1) in his 1738 paper, for solving the mathematical riddle of the infinitely large expectation value in
the case of coin-throwing gamble. Bernoulli proposed there that the utility of earned money N
should be evaluated not by N itself but by logN for the expectation of gain (referred to as the Saint
Petersburg problem). Bernoulli explained the logarithmic expression of utility as follows: when one
has 1 ducat the impact of that 1 ducat is 1/1 = 1 while when one has N ducats the same 1 ducat of
money gives impact of only 1/N.

Since the total impact of sum N of money should be the integral of impacts 1/N from N = N, = 1
to N to result the logarithmic utility log(N/N,) Bernoulli set the value of Ny = 1 and did not mention
about the case when No<1, which is the case analogues to the consideration of negative entropy

region in thermodynamics.

(a-2) The logarithmic decline of the efficacy of drug which results the exponential increase of
necessary dose was discussed by the end of 18% century by Ernst Weber and is now called Weber-
Fechner law(2). They explained the reason for the effect using the Bernoulli’s theory of utility

explained above.

(a-3) The marginal utility theory in the field of economics was developed starting around early
19% century by several economists(3). They claimed that utility of assets N of a person can be
expressed as 1/N and called the original equation, the derivative of which results such utility value,

the utility function. Simple consideration tells the utility function should be logarithmic in order to
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to keep the utility value always as 1/N. When N = 1 the utility should be 1, so that the term “marginal”
meaning the “added utility” is coined for the value of (1/N) -1.

(a-4) The concept of thermodynamic entropy was initiated by Sadi Carnot(4) who noticed the
utility of one unit of heat is inversely proportional to temperature T (the density of phlogiston) that
is 1/T. So that one unit of heat at high temperature T can be transported to the low temperature T;
to produce work energy by the efficiency of n = (1 - T1/T>).

This reciprocal temperature principle of utility is employed by Rudolf Clausius(5) who noticed that
total utility of heat at temperature T must be the integral of inverse value of temperature , as dS =
dq/T. Since dq = CdT, when the heat capacity C is constant, the integration produces the logarithmic
expression of entropy S =RlogT/T, for ideal gases where T, is the arbitrary reference (standard)

temperature.

(a-5) The entropy treated by statistical mechanics is summarized by Ludwig Boltzmann’s(6)
equation S = klogW. The constant k is the parameter attached to match the entropy value with the
entropy derived from the thermodynamic equation of state of ideal gas. W is the statistically
calculated number of states allowed for various classifications of N molecules. The logarithmic
expression is not the consequence of statistical calculation but is artificially employed in order to

match the result with the conventional thermodynamics.

(b) Entropy as magnitude

Stanley Pogson(7) in his paper(1856) defined the brightness magnitude of stars by logarithmic
function. He defined the stellar magnitude as M = -logzs12(L/Lo) where Ly is the light intensity of
magnitude 0 star ( approximately corresponds to the fixed star Vega). The brightness magnitude of
the sun is about -26.7 and that of the full moon is about -12.6. A star with brightness magnitude
greater than 6.5 is hardly visible by the naked eyes.

The magnitude of earth quakes was defined by Charles Richter(8) in his 1935 paper, by the
logarithmic equation M = logs1 6(E/E,) where E is the released seismologic energy by one earthquake
and Eo = 15kcal. Richter defined the value of E, in order to set the magnitude 3 earthquake as almost
unnoticeable to people. So that the magnitude 0 quake releases seismologic energy of 15kcal that is
about the energy of several pieces of candies. Earth quake of minus magnitude may not noticeable
but the seismic energy is not 0.

The magnitudes expressed in logarithmic scale here for the cases of the brightness of stars and the

severity of earthquakes are mathematically the same in the sense with the thermodynamic entropy.
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So that magnitudes and entropy take both plus and minus values. The importance of the choice of

standard state must be understood when the logarithmic scale is used in any field of study.

(c) Entropy in information science

The mathematical expression of information entropy, the Shannon(9) entropy, is exactly the same
as eq.(1) when x in the equation is interpreted as probability P(x).

The right hand half of fig.(1) hence is the same figure used for the visualization of information
entropy.

If the notion of densum and the negative values of entropy discussed in this article is applied to the
theory of information entropy, the negative values of entropy corresponds to the cases of probability
values more than 1.

If the probability is defined as an equal notion of density of something contained in an unit space,
there is nothing strange about thinking the case of probability over 1 since density can take the any
value from zero to infinity with some standard value 1 in between.

Then, what is probability 2 ? Presently no clear explanation of probability 2 can be given here but
the entropy of probability 2 is -log,2 = -1 and entropy of probability 1/2 is -logz(1/2) = 1. So that
the addition of these two entropies produces the entropy of 0 which corresponds to probability 1
state.

The probability 1/2 is usually referred to as the state of total loss of information, hence, probability
2 state may mean the state opposite to such information-less state that acts to recover the full-

information state.

(d) Irreversibility rule applies both for entropy increase and entropy decrease phenomena.

It is usually discussed that when the state of things become equilibrium in density with
surroundings, it can not be recovered to the initial state without outside help. Since the equilibrium
usually means the maximum entropy state, the 2™ law of thermodynamics are thought to be the
evidence of irreversibility of natural change of state.

It seems natural to observe the hot water in a cup cools down when left in room temperature and it
does not get back to the initial hot state unless heated.

However, the existence of equilibrium state both for entropy maximum and minimum states shown
in figs, (1) and (3) suggests that the irreversibility is not restricted to occur for the entropy increase
case.

The entropy decrease which occurs when things in standard state are exposed to densum and
reaches to the lowest point, which means the equilibrium state, higher entropy state cannot be

recovered without outside help.
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(e) Entropic force
The term “entropic force” can readily be understandable since a typical example exists in the
equation of state of ideal gas : P = RT(1/V). In this equation P is the pressure (= force) and the
result of the partial differentiation by x of the entropy Smix or Spar in egs.(1) and (2) at constant T.
Referring to the eqs.(1) and (2) the entropic force which acts to expand or contract the volume of
things corresponds to the slope (= dSmi/d(1/%) ) of the blue curve (for 1<(1/x)<2) or in the red
curve to the slope (= dS,./dx) in the range of (for 0.5<x<1).

Entropic force P may thus acts both to let initial state to expand or contract according as the mixing
or partitioning of initial state.

One of the typical example is the osmosis of solutions. As Van’t Hoff(10) found out that the
equation of state of the ideal gas is also applicable to the liquid or solid solutions which are over 103
times denser than the gas state, the the osmotic pressure P can be very high and can act both as
expanding and contracting force.

There are much denser state existing in the universe like neutron stars or black holes, so that these
state may arise the entropic force both as the contracting or expanding force of materials depending
upon if it is appropriate to think about the mixing with vacuum state or partitioning with densum

state.

(f) Temperature as the density of thermal energy

So far the entropy of mixing and partitioning are discussed mainly by using the density of material

contained in vacuum space. As mentioned in (a-4) section above, the notion of entropy in

thermodynamics was first introduced from the utility of the density of heat energy which is

temperature T.

The automatic cooling of hot water may be an example of entropy increase so that if we claim the
entropy decrease, does it happen in some condition temperature of materials gets hotter
automatically?

In this case, the notion of vacuum corresponds to the absolute zero temperature and densum
corresponds to the infinitely hot state. By such understanding of the two terminal sate of density of
thermal energy, the discussion of negative entropy state discussed in this article can fully be applied
to the case of discussion over temperature.

In the case of entropy of temperature, however, some discussion must be made since the 3 law of
thermodynamics claims that the entropy at absolute zero degrees is zero. The re-examination of the

3rd law of thermodynamics becomes an issue here but it is not further discussed here.
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(VI) Conclusion
The second law of thermodynamics states that in natural change of states entropy always increase.
In this article it is pointed out that the 2 law is valid only for a limited case where the standard
state of materials is mixed with vacuum.

When the notion of densum (the state of materials contained in zero space) is taken into
consideration, by the partitioning of standard state material with densum the decrease of entropy
occurs equally naturally as the case of entropy increase.

The generalization of the notion of densum leads to the concept of probability of more than one.
Probability 2 may sound odd for us but the entropy of probability 2 is -1 and the entropy of
probability 0.5 is 1. Consequently, the addition of entropies of these two states results the entropy
0 state which corresponds to probability 1 state.
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